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Abstract. In this paper we study the topology of the space of Riemann surfaces in a simply connected 
space X, S gi n(^,7)- This is the space consisting of triples, {F g>n , <fr, /), where F gy „ is a Riemann surface 
of genus g and n-boundary components, <j> is a parameterization of the boundary, dF g , n , and / : F g , n — > X 
is a continuous map that satisfies a boundary condition 7. We prove three theorems about these spaces. 
Our main theorem is the identification of the stable homology type of the space $oo,n(X ;7), defined to 
be the limit as the genus g gets large, of the spaces $ g}n (X\^). Our result about this stable topology 
is a parameterized version of the theorem of Madsen and Weiss proving a generalization of the Mumford 
conjecture on the stable cohomology of mapping class groups. Our second result describes a stable range in 
which the homology of $ gt n(X; 7) is isomorphic to the stable homology. Finally we prove a stability theorem 
about the homology of mapping class groups with certain families of twisted coefficients. The second and 
third theorems are generalizations of stability theorems of Harer and Ivanov. 
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Introduction 

The goal of this paper is to study the topology of the space of surfaces mapping to a background space 
X, with boundary condition 7, S s>n (X;7). This space is defined as follows. 

Let X be a simply connected space with basepoint Xo S X. Let 7 : ]J S 1 — > X be n continuous loops 
in X . Define the space 

§ g<n (X, 7) ={(Sg. n , <t>, /) : where S g:Tl C R°° x [a, b] is a smooth oriented surface of genus g and 
n boundary components, <fi : S 1 ^> dS is a parameterization of the boundary, 

n 

and / : S g . n — > X is a continuous map with df = 7 : TT S 1 — > X. } 

n 

In this description, [a, b] is an arbitrary closed interval, and the boundary, dS, lies in the boundary, OS = 
(R°° x {a} U R°° x {&}). We also insist that if n > 0, the "incoming" boundary, dS n (M°° x {a}) has 
one connected component, which we refer to as d$S. The parameterization <p is an orientation preserving 

diffeomorphism. df is the composition ]J S 1 dS * los > X. 
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We think of these spaces as moduli spaces of Riemann surfaces mapping to X, or for short, the moduli 
space of surfaces in X. Indeed the embedding of the surface in Euclidean space defines an inner product on 
the tangent space of the surface, which together with the orientation defines an almost complex structure, 
and hence a complex structure on the surface. 

We have three main results in this paper. The first describes the "stable topology" of S g>n (X, 7), the 
second is a stability result showing the range of dimensions in which the homology of $ g ^ n (X;j) is in the 
stable range, and the third is a stability result about the homology of mapping class groups with certain 
families of twisted coefficients. 

We haven't yet described the topology of S Sj „(X;7). To do this, let F g ^ n be a fixed surface of genus g 

with n boundary components. Let S : JJ n S 1 — * dF gn be a fixed parameterization of the boundary. Let 
Emb(Fg tn ,'R° ) be the space of embeddings e : F g:1l M°° x [a, b] as above, for some choice of a < b. 
The topology on this space is induced by the compact open topology. The Whitney embedding theorem 
implies that Emb(F g ^ n , R°°) is contractible. It also has a free action of the group Diff(F g , n , d) of orientation 
preserving diffeomorphisms of F g<n that fix the boundary pointwise. The action is given by precomposition. 
Let Map 7 (F gt n, X) be the space of continuous maps / : F g:1l — > X with df = 7. This also has the compact- 
open topology. It is also acted up by Dif f(F g<n ,d) by precomposition. We then have the following immediate 
observation. 

Observation. There is a bijective correspondence, 

S ff ,„(X; 7 ) S Emb{F g , n ,R°°) x Diff(Fgn , d) Ma Pl {F g , n ,X) 
~ E(Diff(F g , n ,d)) x Diff{Fg nid) Ma Pl {F gtn ,X) 

Notice in particular that when X is a point, the space of surfaces is the classifying space of the diffeo- 
morphism group, § gn (point) ~ BDif /(_F s>n ). 

We next observe that the spaces Map 1 {F gtTll X) and § g _ n (X; 7) have homotopy types that do not depend 
on the boundary map 7. This is for the following reason. Consider the mapping spaces, Map(F g ^ n , X) and 
S g ,n(X) that have no boundary conditions at all. Then restriction of these mapping spaces to the boundary, 
determines Serre fibrations, 

Map(F g!n ,X)^(LX) n and S g<n (X) - (LX) n 

where LX = Map(S 1 7 X) is the free loop space. Since X is assumed to be simply connected the base spaces 
of these fibrations, (LX) n , are connected. Therefore the fibers of these maps have homotopy types which 
are independent of the choice of point 7 G (LX) n . 

Because of this fact, we are free to work with convenient choices of boundary conditions. We will 
assume our boundary map 7 : JJ n S 1 — > X, viewed as n- loops numbered 70, • • • , 7n-i, has the property that 
70 : S 1 —> xo £ X is constant at the basepoint. 

Notice that given a point (S,<p,f) E S s>n (X;7), the above numbering and the parameterization (f> 
determines a numbering the boundary components, doS, ■ ■ ■ ,d n -\S. Also the boundary components of S 
are partitioned as a disjoint union, dS = d a S U dt,S, the "incoming" and "outgoing" components of the 
boundary. We assume that 8qS € d a S is an incoming boundary component. By the boundary conditions, 
doS is mapped by / to the basepoint xq E X. 

The boundary components are oriented in two different ways, namely by the parameterization <j>, and 
by the induced orientation from S. We assume that the two orientations are opposite for the incoming 
components, d a S, and agree for the outgoing components dbS. 

To state our result about the stable topology of § g ^ n (X] 7), fix a surface of genus one, T C M. 3 x [0, 1] C 
R°° x [0, 1] having one incoming and one outgoing boundary component. 

Given (5,0,/) G S 9; „(X, 7), we "glue in" the surface T to get an element of § g+ i^ n (X;'j) as follows. 
Suppose S C M°° x [a, b}. Translate T so it is now embedded in R°° x [a — 1, a}. Identify the boundary 
d a T with doS using the parameterizations. Similarly glue in a cylinder S 1 x [a — 1, a] to each of the other 
boundary components in d a S. The result is a surface T#S* of genus g + 1 embedded in R°° x [a — 1, b]. The 
boundary parameterization <p now defines a boundary parameterization of T#S, and the map / : S — > X 
extends to T#S by letting it be constant at the basepoint on T, and on each new cylinder glued in on the i th 
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Figure 1. The surface T c R°° x [0, 1] 




X. This construction 



a-1 a b 

Figure 2. T # S 

We now define S tx)i „(X; 7) to be the homotopy colimit of the map T#, 

§oc,n( x ; 7) = hocolim {S 9 ,„(X; 7) § g+1;n (X; 7) • • • } 

Recall that in this situation the homotopy colimit is the infinite mapping cylinder of the iterations of the 
map T#. Thus it is a particular type of direct, or colimit. 

We refer to the topology of §00, n(X; 7) as the "stable topology" of the moduli spaces, § g , n (X; 7). 

Our first theorem describes the stable topology of these moduli spaces. 

Theorem 0.1. Let X be a simply connected, based space. There is a map, 

a:Zx S^pf; 7) — > fi^CP^ A X+). 
that induces an isomorphism in any generalized homology theory. 

In this theorem, the right hand side is the infinite loop space defined to be the zero space of the spectrum 
CP? ! A X+. Here CP~ X is the Thorn spectrum of the virtual bundle —L — » CP 00 , where L -> CP°° is the 
canonical line bundle over CP 00 . 

We observe that when X is a point, Soo in (poznt) represents, up to homotopy, the stable topology of 
the moduli space of bordered Riemann surfaces studied by the second author and Weiss in |10j . in their 
proof of the generalized Mumford conjecture. Indeed, the Madsen- Weiss theorem is a key ingredient in our 
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proof of Theorcm lO.il and in the case when X = point, Theorem 10. II is just a restatement of their theorem. 
Thus Theorem 10.11 can be viewed as a parameterized form of the Madsen- Weiss theorem, where X is the 
parameterizing space. 

We remark that the homology of the infinite loop space in this theorem has been completely computed 
by Galatius [5] when X is a point. The rational cohomology is much simpler. The following corollary states 
that the rational stable cohomology of the space of surfaces in X is generated by the Miller-Morita-Mumford 
K-classes, and the rational cohomology of X. 

To state this more carefully, we restrict our attention to a particular path component of §oo,n(^;7)- 
It is clear that since X is simply connected, the set of path components 7To(§oo,n(^; 7)) is in bijective 
correspondence with the path components of the mapping space, ■no{Map 1 {F g>ni X)), which in turn is 
in bijective correspondence with the homotopy group, ^(X). Moreover, since Theorem 10.11 tells us that 
§oo,ri(^;7) is homology equivalent to an infinite loop space, all of its path components have isomor- 
phic homologies. Let § 00i „(X;7). be the connected path component corresponding to the trivial class 

6 TT2(X). Similarly let f22°(CPf? 1 A X+) represent the corresponding connected path component. Since 
-ff*(§oo,n(^;7).;Q) = iP^^CP^ AX+);Q), then [12] gives us the following description of the rational 
cohomology. 

Suppose V is a graded vector space over the rationals, and A(V) is the free Q-algebra generated by 
V. That is, given a basis of V, A(V) is the polynomial algebra generated by the even dimensional basis 
elements, tensor the exterior algebra generated by the odd dimensional basis elements. 

Let X be the graded vector space over Q generated by one basis element, m, of dimension 2i for each 

1 > —1. Consider the tensor product of graded vector spaces, X ® H*(X; Q). Let (X (g> H*(X; Q))+ denote 
that part of this vector space that lives in positive grading. We then have the following. 

Corollary 0.2. There is an isomorphism of algebras, 

H*(S^ n (X; 7). Q) S A((X <g> H*(X; Q))+). 

As we remarked before, H*(Sco,n{poirit); Q) is the stable rational cohomology of moduli space. This 
algebra was conjectured by Mumford, and proven by Madsen and Weiss in [10) . to be the polynomial 
algebra on the Miller-Morita-Mumford K-classes. The classes m 6 X C H*{% oa ^ n (X\ 7) Q) for % > 1 are the 
image of the Miller-Morita-Mumford classes under the map 

fl-*(§oo > „(pomt);Q)^ J H-*(S 00>n (X;7)Q). 

Now notice that in the statement of Theorem l0.ll the right hand side does not depend on n, the number 
of boundary components. This is strengthened by the following theorem, which identifies the stable range 
of the homology of the individual surface spaces. 

Theorem 0.3. For X simply connected as above, the homology groups, 

H q (S g , n (X; 7 )) 

are independent of the genus g, the number of boundary components n, and the boundary condition 7, so 
long as 2q + 4 < g. In other words, for q in this range, 

Hq(Sg,n(X; 7).) = H q (§ <Xin (X; 7).) = (O^ (CP^ A X + )). 

Our last result, which is actually a key ingredient in proving both Theorem 10.11 and Theorem 10.31 is 
purely a statement about the homology of groups. Our inspiration for this theorem was the work of Ivanov 
[5] which gave the first stability results for the homology of mapping class groups with certain kinds of 
twisted coefficients. The following is a generalization of his results. 

Let T g n = no(Diff(Fg in ,d)) be the mapping class group. Notice there are natural maps, 

T# : r s .„ — > r g+ i,„ and P# : L Si „ — > Tg^ n+ i 

induced by gluing in the surface of genus one, T, as above, and by gluing in a "pair of pants" P, of genus zero, 
with two incoming and one outgoing boundary component. The gluing procedure is completely analogous 
to the gluing in of the surface T described above. 
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Figure 3. The pair of pants surface P 



In section 1 we will define the notion of a coefficient system V = {V^, n }, generalizing the notion defined 
by Ivanov [8] . However for the purposes of the statement of the following theorem, its main property is the 
following. V is a collection of modules V^„ over Z[r Si „], together with split injective maps 

^1,0 : Vg.n — ► V g -\-l <n and £q,1 : Vg,n ~~ * ^ff,n+l 

that are equivariant with respect to the gluing maps T# and P# respectively, so that we have splittings 

Vg+l,n — Vg,n © A 10 V g> n 
Vg,n+1 — Vg tTl © Ao,lV^, n 

as r gi „-modules. We say that the coefficient system V has degree if it is constant; that is all the modules 
Ai,o^g, n and A 0: iVg i7l are zero. Recursively, we define the degree of V to be d, if the coefficient systems 
{Ai i0 V" 9! „} and {A ,iVg tn } have degree < d- 1. 

A nice example of a coefficent system of degree one is V g:n = Hi(F gtn ;Z). Our last main result is a 
generalization of stability theorems of Harer [6] and Ivanov [8] , [7] • 

Theorem 0.4. If V is a coefficient system of degree d, then the homology group 

H q (Tg tn ; Vg tTl ) 

is independent of g, and n, so long as 2q + d + 2 < g — 1. If we require n to be positive, then this stability 
range improves to 2q + d + 2 < g. 

This paper is organized as follows. In section one we will prove Theorem l0.4l This will involve adaptation 
and generalization of ideas of Ivanov [5]. In section 2 we use this result to prove Theorem 10. 31 To do this we 
use Theorem 10.41 and a homotopy theory argument and calculation. Finally in section 3 we prove Theorem 
10.11 We do this by adapting arguments of Tillmann [13] using techniques of McDuff-Segal [11] , to show how 
Theorem 10.11 ultimately follows from the Madsen- Weiss theorem |10) and Theorem 10.31 

Both authors owe a debt of gratitude to Ulrike Tillmann for many hours of very helpful conversation 
about the arguments and results of this paper. We also thank Nathalie Wahl for help with the curve 
complexes used below, as well as Elizabeth Hanbury who spotted an error in the definition of our surface 
category in a previous version. 

1. The homology of mapping class groups with twisted coefficients 

Our goal in this section is to prove Theorem 10. 4i as stated in the introduction. To do this we use ideas 
of Ivanov [8], generalized to the context that we need. 

1.1. Categories of surfaces and coefficient systems. We begin by defining the category of differ- 
entiable surfaces C in which we will work. 

Definition 1.1. For g, n > 0, we define the category C g . n to have objects (F, 0), where F is a smooth, 
oriented, compact surface, of genus g and n boundary components, and 4> : JJ S 1 dF is an orientation 
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preserving diffeomorphism (i.e a parameterization) of the boundary. We write <j) = <j>Q, - ■ ■ , 4> n -i, which has 
the effect of numbering the boundary components of F, 8qF, ■ ■ ■ d n -\F. 

A morphism e : (Fi, <pi) — > (F2, (j>2 ) is an isotopy class of orientation preserving diffeomorphism F\ — ► F%, 
that preserves the boundary parameterizations. 

We now put all these categories together. If (F, <j>) is an object in C 9i „ with n > 1, let xq G doF be the 
basepoint that corresponds to the basepoint G K/Z = S 1 under the parameterization <f>. 

Definition 1.2. Define the surface category C to have objects equal to the disjoint union, 

Ob(C) = ]]_ObC g , n . 

There is a morphism for each ambient isotopy class of embedding, e : F\ — > F2, that maps each boundary 
component of F± either diffeomorphically to a boundary component of F2, respecting the parameterizations, 
or to the interior of F2. If the boundary dF2 ^ 0, and if e : F\ <^-* F2 maps the boundary component 
doFi to the interior of F2, then we also require in our definition of morphism an ambient isotopy class of 
parameterized embedded arc 7 : [0,t] <^-» F 2 , for some t > 0, starting at the basepoint e(x ) G e(doFi) and 
ending at the basepoint xq G 0qF2. The interior of the embedding 7 is required to lie in the interior of F%- 




FIGURE 4. A morphism e : F\ — > F 2 

We remark that this category is a slight variation of Ivanov's category of decorated surfaces in [8] . Notice 
that each C 9jTl c C is a subcategory. 

We now describe three functors Si,o : C g ,„ — > C ff+ i,„, So,i : C g ,„ — > C ff , n +i, and £0,-1 : C g ,„ — > C fl , n _i 
defined when n > 1. These operations have the effect of increasing the genus by one, increasing the number 
of boundary components by one, and decreasing the number of boundary components by one, respectively. 

In order to describe these operations more precisely, we use a graphical technique of Ivanov [$] . Namely, 
since these operations are all defined on surfaces with at least one boundary component, then we can identify 
doF with a rectangle using the parameterization, and we can picture F as a rectangular disk with handles 
attached, and disks removed from the interior. 

Given an annulus C as in figure [6] below , then £0,1^ can be thought of as the boundary connected sum 
of F with C as pictured in the figure. 

The surface £1,0^ can be described similarly, by taking a boundary connect sum with a surface D of 
genus one, and one rectangular boundary component, 3qD. For F G C g ,n, the surface S0-1-F G C g .n-i is 
obtained by "filling in the last hole", i.e attaching a disk D 2 along d n -iF using the parameterization. 

We observe that the operations £i,0j £o,i> an d £0,-1 are functorial, since any diffeomorphism tp : F± — > 
F2 preserving the boundary parameterizations, induces diffeomorphisms (preserving boundary parameteri- 
zations) 
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Figure 5. A surface F G C24 with 8qF being the rectangular boundary component. 






Figure 6. £0,1-^ as a boundary connect sum. 



(1.1) Ei.oV' : ( E i,o*i, Sl .» Fl ) -> (£ li0 F 2 , Sl .» F2 ), 

Eo.iV- : (So,!^,^ - 1 ^) - (£ o ,iF 2 ,0 E °- lF2 ), and 

(1.2) £0,-1^ : (So.-iFx,^- 1 ^) -» (£ ,-iF 2 , s °-- lJ?2 ) 

defined to be equal to e on and the identity on the glued surfaces C, I?, and D 2 respectively. 

We now observe that there are natural embeddings, yielding morphisms in the category C, which (by 
abuse of notation) we also call 

£1,0 : F <^-> Si^o-F 1 £0,1 : F "Sq iF F £o,-i-r 

These embeddings are essentially the inclusions of F into the glued surface £i,o-F j £o,i-F\ or ^-i-F, 
together, in the case of £^0 and £0,1, with a path from the basepoint in F to the basepoint of £_F which 
goes below the hole (in the case of £0,1) or handle (in the case of £i,o)- (Sec figure [7] below.) 




FIGURE 7. The morphism £ ,i : F — > E ,iF 
The following is immediate. 

Lemma 1.3. Let (F,<fi) be an object inC g ^ n . Then there are noncanonical isomorphisms, 

F ^ £0,1 ^0,-iF and F ^ £0,-1 ^o,iF. 

More generally compositions of the operations £1,0, £0,1? and £0,-1 give isomorphism classes of objects 
(EijF, in Cg+i.j+i for i > and j > —n. 

We can actually think of the suspension operations £^0 and £0.1 as functors on the entire positive 
boundary part of the surface category, 

£1,0, £0,1 : C+ — > C+ 

where C+ is the full subcategory of C generated by surfaces that have nonempty boundaries. To see how 
these suspension functors act on morphisms, we use Ivanov's graphical description (see [§], section 2.5). Say 
e : F\ > Fi is a morphism as represented in the left hand of the figure below. Then £0,1(6) is the morphism 
represented in the right of the figure [5] below. £i i0 (e) is defined similarly. See [8], section 2.5 for details of 
this construction. 




We now define the notion of a coefficient system. 

Definition 1.4. Let Ab be the category of finitely generated abelian groups and homomorphisms be- 
tween them. A coefficient system V is a covariant functor V : C+ — + Ab. An extended coefficient system is 
one that extends to a functor from the entire surface category, V : C — > Ab. 
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For an object (F, <f>) oiC g , n , let T(F) = n {Dif f(F, OF)) be the mapping class group of isotopy classes of 
orientation preserving diffeomorphisms that fix the boundary pointwise. Notice that in a coefficient system, 
the i?-module V(F) is a module over the group ring Z[r(F)]. (We call it a r(F)-module for short.) 

Notice also that given a coefficient system V, one gets new coefficient systems £1.0^ and T,q^V, by 
defining 

Z i , j V(F)=V(Z i , j (F)). 

On a morphism e : F\ — > F2, Ej i3 -V(e) : EjjFi — > S^ji 7 ^ is defined to be V(£,j(e)), where Yiij(e) is defined 
as in figure [5] Notice that part of the data of a coefficient system consist of natural transformations, 

£* :j :V^X i:j V. 

The following notion of degree, following Ivanov, who in turn was inspired by the work of Van der Kallen 
[9] and Dwyer [3], will be very important in our proof of theorem 4. 



Definition 1.5. Let V be a coefficient system. We say that V has degree zero with respect to Ejj 
= (1,0) or (0, 1)) if the natural transformation, E^j : V(F) — > Y,ijV(F) are isomorphisms for all F. 
That is, the coefficient system is constant. 

Recursively, we say that V has degree < d with respect to Ejj , if the following two conditions hold: 

(1) The operation £;.j : V(F) — > Y,ijV(F) is a split injection of r(F)-modules, with cokernel AijV(F). 

(2) The coefficient system AijV has degree < d — 1 with respect to £» j. 

We say that has overall degree < d if it has degree < d with respect to both the functors, Ei and 
£o,i- 



Examples. 

(1) Let V be the coefficient system given as follows. Let F € Define 

if n = 



V(F)=H 1 (F) 



I?a+n^i if n > L 



The action of T(F)on V(F) is via the induced map of a diffeomorphism on homology. In this case 
&i,oV(F) = Z 2 and A 0:1 V(F) = Z. So both coefficient systems Ai j0 ^and Ao,iV are constant, 
and therefore have degree zero. Therefore V has degree one with respect to both Ei,o and Eo,i. 
(2) Let X be an Eilcnberg-MacLane space, X = K(A,m), with A an abelian group, and m > 2. 
Defined the coefficient system V k by 

V k {F) = H k (Map,(F/dF,X)), 

where Map* denotes the space of based maps. Here we use the usual conventions that the 
basepoint of F/dF is dF, and that F/dF = F + , that is, F with a disjoint basepoint, if dF = 0. 
We claim that this coefficient system has overall degree k. 

To prove this we use induction on k. For k = 0, 



V°(F) = H (Map*(F/dF,K{A,m))) 



Z[A], if to = 2 
Z if m > 2. 



In either case this is a constant coefficient system and so has degree zero. Now assume inductively 
the result is true for V q for q < k. Consider the based homotopy cofibration sequences, 

S 1 V S 1 -» (E 1 ,oF)/9(E li0 ^) -» F/dF 
S 1 - (E 0)1 F)/a(Eo,iF) -» F/dF 
5° -» (E ,_iF)/a(E ,_ 1 F) - F/9F 

Here we are using the facts that Ei^F is the boundary connect sum of F with the surface D which 
has the homotopy type of S 1 VS* 1 , and Eo^F is the boundary connect sum of F with the surface C 
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which has the homotopy type of S . These cofibration sequences induce split hbration sequences, 

Map* (F/ dF, X) -> Map^{T, xfi F/d{T, lfi F)), X) -► VlX x SIX 

Map*(F/dF, X) -» Afap*((£ ,ii7<9(£ ,iF)), X) -> QX 

Map* (F/ dF, X) -> Mop.((E ,-i-F '/ 'd(Z ,-iF)), X) ^ X 

Since X = K (A, m), it has a multiplication, and so the total spaces of these fibrations split up to 
homotopy as the products of the fiber and base. Since QX is connected, the Kunneth formula gives 
that AijV(F) is expressible in terms involving only Hi(Map*(F/dF, X) for i < k — 1, as well as 
H*{X) and H*(£IX). This proves that V k has degree < k with respect to all three functors £,.j. 

We remark that if X is not simply connected, then H k (Map*(F "/ 'OF, X) ® H (QX x QX) 
is a direct summand of Ai V k (F), so V k has infinite degree with respect to It also has 

infinite degree with respect to £0,1 ■ Indeed this is the primary reason that we need X to be simply 
connected in the statement of Theorem 10.11 

Given a coefficient system, Theorem 10.41 is about the homology groups H q (T(F); V(F)). Following the 
notation of Ivanov [8] , we define the relative homology group, 

Re%{Z id F, F) = H q ((T(X hJ F), V(X id F), (T(F),V(F)). 

Remark. Even though the functor £0,-1 : Cg,n ™> Cg,n-i does not extend to a functor on all of C, or even 
on C + , we can still define these relative homology groups with respect to £0,-1 > f° r the following reason. 
Given a coefficient system, V : C — > Ab, one still has a natural transformation £0,-1 between the restriction 

of V to Cg^ n and the composition C g , n S °' U C g , n -i Ab for each (g, n) with n > 0. This allows us to 
define the relative homology groups, 

^(£ ,_!F,F) =i/ 9 (r(£ 0i _ 1 F),y(£ ,_ 1 F); T(F),V(F)) 

for any surface F € C g , n , n > 0. 

More generally, for any surface F £ C ffi „, n > 0, we can define relative homology groups in the following 
way. Consider sequences of pairs, / = ((ix,jx), ■ ■ ■ , (ik, jk)), with each (i r ,j r ) of the form (1,0), (0, 1), or 
(0, —1). We call such a sequence admissible if j% < J2 < • • • < jk, and if j — J2r=i 3r, then n + j > 0. (By 
convention, the empty sequence is also called admissible.) We let £ 7 F = £(j i:)1 ) o ••• o £( ijt j <, (F). Using 
the above mentioned natural transformations, we may define the relative homology groups, 

Rei^' v (T,ijF,F) = H q ((T(Tli t jTi I F),V('Ei t jY/F); (r(£ 7 F), V(^F)). 

Consider the following long exact sequence. 

• ■■ - H q (T(F);V(F)) -> H^T^F); V(^(F)) -> Rel v q {^F,F) - # 9 _i(r(F); - • 

From this sequence Theorem 10.41 is immediately seen to be a consequence of the following stability theorem. 

Theorem 1.6. Let V be a coefficient system of overall degree < d. Let F 6 C s . n , n > 0. TTien /or any 
admissible sequence I , the relative groups, 

Relf v (X itj F,F)=0 

for for 2q + d + 2 < g, when (i,j) — (1, 0), (0, 1), and for 2q + d + 2<g — 1 iy/ien (i, j) = (0, —1). this 
last case ({i,j) = (0,-1)) V is assumed to be an extended coefficient system, so that it is defined for closed 
surfaces, as well as surfaces with boundary. 

We remark that for (i, j) = (1,0), this theorem was proved by Ivanov [5]Q Our proof of this more 
general theorem follows the ideas of Ivanov, but in the cases of — (0,1) and (0,-1) it will require 

further argument. 



Ivanov assumed that the surface F had only one boundary circle. However as he pointed out at the end of his paper, his 
argument easily extends to the general case. 
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Our proof of this theorem goes by induction on the degree d of the coefficient system V. Degree zero 
coefficient systems are constant, with trivial mapping class group action. In this case Theorem II. 6i and in 
particular, Theorem 10.41 is the stability theorem of Harer [6] as improved by Ivanov [5]. 

In what follows, we write Rel^ (EijF, F) to denote any of the relative groups, Rel^' v (T,ijF, F) for any 
admissible sequence I (including the empty sequence). 

Inductive Assumption 1.7. We inductively assume Theorem II .61 to be true for coefficient systems of 
overall degree < d. 

Our strategy for the completion of this inductive step, and thereby the completion of the proof of 
Theorem II .61 is the following. As mentioned above, we already know this theorem to be true for E^o by the 
work of Ivanov [§]. We will then complete the inductive step for the natural transformations £o,i an d £o,-i 
separately. 

In both cases, our arguments will rely on the action of the relevant mapping class groups on certain 
simplicial complexes (the "curve complexes" of Harer [6]) that are highly connected. We will then analyze 
the corresponding spectral sequence. However this analysis (and indeed the choice of curve complexes) is 
a bit different in the cases of the two transformations So,i and £o,-i) which is why we deal with them 
separately. 

In sections 1.2 and 1.3 we complete the inductive step for the operation Sqi- We begin section 1.2 
by recalling the spectral sequence of a group action on a simplicial complex, and then describe the curve 
complex we will study. We analyze the spectral sequence and the upshot is a result giving stability of the 
relative homology groups Rel^ (Eq^F, F). Of course we want to prove that these groups are zero, and this 
requires further argument, which is done in section 1.3. In section 1.4 we complete the inductive step for the 
operation So : _i, using an action on a slightly different curve complex. 

Throughout the rest of chapter 1 we will be operating under Inductive Assumption 11.71 

1.2. The curve complex and a relative spectral sequence. In this section and section 1.3 our 
goal is to complete the inductive step in Assumption 1 1 . 71 for the operation £o,i- That is, we want to prove 
that for a coefficient system V of degree < d then the relative groups Rel^ (Hq.iF, F) — for 2q < g — d. To 
do this, we use another argument, this time induction on q. We assume the following. 

Inductive Assumption 1.8. Let V be a coefficient system of degree < d. Then for q < m, Rel^ (Eo,iF, F) — 
for any surface F of genus g > 2q + d + 2. 

Clearly by completing this inductive step, we will complete the inductive step for assumption 11.71 and 
thereby complete proof of Theorem 11.61 for the operation E 01 . 

So in the following two sections we will operate under Inductive Assumption II .81 within assumption 1 1.71 
Our goal is to prove that i?e^(E 0) iF, F) = 0. We do this in two steps. The first step, which is the object 
of this section, is to prove the following. 

Proposition 1.9. Let F be any surface with boundary of genus g > 2m + d + 2. Then there is an 
isomorphism 

Rell((X 0A F,F) ^ Jfe£(E? i0 F,£i >0 F). 
The second step, which we complete in section 1.3, is to prove that under these hypotheses, i?eZ^(Eo.i-F 1 , F) = 

0. 

1.2.1. The spectral sequence of a group action. We begin our proof of Proposition 11.91 by recalling the 
spectral sequence for an action of a discrete group G on a simplicial complex. See [1] or section 1.4 of [8] 
for a more complete description. 

Let X be a simplicial complex with an action of G. In particular G acts on the set of p-simplices, for each 
p. Given a simplex a, let G a denote the stabilizer subgroup of this action. We let Z CT be the "orientation 
Gcr-module", defined to be Z additively, with the action of g G T a to be multiplication by ±1 depending on 
whether g preserves or reverses orientation. 

For M a G- module, let M a = M ®Z a . For each p, let Simp p be a set of representatives of the orbits of 
the action of G on the p-simplices of X. Then applying equivariant homology to the skeletal filtration of X 
defines a spectral sequence whose E 1 term is given by 

li 



(1.3) 




H q (G a ,M a ) 



which converges to the equivariant homology, Hp +q (X; M), 

There is a relative version of this spectral sequence as well. This applies when considering two spaces: 
a G-simplicial complex X , and a G'-simplicial complex X' . Suppose 4> : G — * G is a homomorphism, and 
/ : X — > X' is a simplicial, equivariant map with respect to the homomorphism 4>. Suppose also that 
ip : M — > M' is an ^-equivariant homomorphism between the G-module M and the G'-module M' . Then 
using the mapping cylinder, one can define the relative groups, H?'' G (X',X;M',M). 

Now assume that the map / : X — *■ X' has the special property that it induces a bijection on the G-orbits 
of the /c-simplices of X to the G'-orbits of the /c-simplices of X', for each k. If X and X' are d-connected, 
then there is a relative spectral sequence whose i^-term is given by 



which converges to zero in the range p + q < d + 1. Here we formally let Simp~i consist of one element, 
er_i, and let G a _ 1 = G, G' a i = G' . See [8], [9] for details of this spectral sequence. 
We will use this spectral sequence to prove Proposition 1 1.91 

1.2.2. The curve complex. Let (F,cj)) be a fixed object in C g ^ n , with n > 2. We recall the definition of 
the the curve complex H(F) studied by Harer [6] and Ivanov [§]. This will be a r g „ -equivariant simplicial 
complex, and we shall apply the relative spectral sequence (|1.4|) . For ease of notation let Go = doF, and 
Gi = d\F. Choose fixed points bo e Go, and b\ E C\. 

The simplicial complex H(F) = H(F;bo,bi) is the complex whose vertices are represented by isotopy 
classes of embedded arcs in F from bo to b%. The interior of these arcs must lie in the interior of F. A set 
{ao, ■ • ■ , a p } of such vertices spans a p-simplex in H(F) if there are disjoint representing arcs, Ao, ■ ■ ■ , A p 
such that F — U^Aj is connected. The dimension of H(F) is 2g, and it was shown in [6], |15j that this 
space is (2g — l)-connected. Therefore it is homotopy equivalent to a wedge of 2<?-dimensional spheres. The 
mapping class group T(F) acts on H(F) since it acts on the set of vertices, and maps simplices to simplices. 
However the action is not transitive on the set of p-simplices, if p > 1. Indeed the orbit of a given p-simplex 
A = (Ag, • ■ ■ , Ap) is determined by a certain permutation o(A) € Moreover if g is sufficiently large 

all such permutations can appear in this way. 

The permutation a(A) is defined as follows. We orient the two boundary circles Go and C\ so that Go is 
incoming and C\ is outgoing. Then the trivialization of the normal bundle of an arc from bo to b\ determined 
by Go at bo agrees with the trivialization determined by C\ at b\. Given a p-simplex A = (Ao, ■ ■ ■ , A p ) of 
arcs that start at bo in the order given by the orientation of Go, they arrive at b± in an order which is the 
permutation <r(A) of the order at b\ dictated by the orientation of C\. See figure [9] below. 



(1.4) 



El 



H q (G' a ,G a ; M',M) 








A 



2 



1 



1 



Figure 9. a(A) = (0,2) e S 3 



To see that o(A) determines the orbit type, notice that it determines the boundary structure of the 
cut surface, F — A. The boundary of F — A consists of dF — (Co U C\) together with the new boundaries 
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created by the cuts. (See the example below.) If a(A) = cr(A'), then F — A and F — A have the same 
new boundary structure, and there is a preferred diffeomorphism between their boundaries. This extends 
to a diffeomorphism between F — A and F — A since they have the same Euler characteristic (x(F — A) = 
x(F — A) = x(F) + V + !)■ Sewing the cuts back together defines an element 7 G r(F) with 7(A) = A. 

Examples. Suppose F has genus g and r + 2 boundary components, and let A = (Aq, ■ ■ ■ ,A P ) be a 
p-simplex of H(F). 

(1) Suppose a(A) = id. The new boundaries are (Aq, Ci,A p , Co), (A ,Ai), • • ■ , (A p -i,A p ), and F — A 
has genus g — p and r + p — 1 boundary components. In this notation, and in what follows, given 
an oriented edge E, E denotes the edge with the opposite orientation. 

(2) Suppose a (A) = YlfJ^HhP ~ *) £ ^p+i- The new boundaries are: 

(A ,Ai, ■ ■ ■ ,A P ,C ) and (Ao, Ci,A p , ■■■ ,A{) if p is odd, 
(Aq,Ai,--- .Ap,Ci, Aq, ■ ■ ■ ,A P ,C ) if p is even . 

In this case F — A has genus g — 1 with r + 1 boundary components when p is even, and genus 
g — with r + 2 boundary components when p is odd. 

(3) In general the number of boundary components hi F — A is r + t + 1, with < t < p. Since the 
Euler characteristic \{F — A) = x{F) +£>+ 1 5 one gets that 2g(F — A) = 2g — p — t, and hence 
g(F-A)>g-p. 

Let F have genus 5 and r boundary components, with r > 1. Let R — Sq^-F. Let ^(So^-F) be the 
arc complex with respect to 607^1 £ 5(E 0)1 F). (As above, 6 € ^(Eo.i-F), and 61 G 9x(So,iF).) Choose 
fe'x G 9i(E .ii?), and choose an embedded path from b\ to b[ in T, ^R — interior(R). See figure [TUl below. 




Figure 10. T, 0A R 



The path (or rather a closed tubular neighborhood around the path) induces a simplicial map 

L:H(£ 0A F)^H(X 0tl R) 

which is equivariant with respect to 

i : r(S ,iF) — » r(E ,i-R), 

and such that the permutation a(A) associated with a p-simplex of iJ(So.i-F) is equal to the permutation 
associated with i(A) in H(T,q^R). In particular Eo^ii? — i(A) has precisely one more boundary component 
that "Eo,iF — A, and the two cut surfaces have the same genus. The examples above show that the genus 
of Eo.iF — A is > g — p + 1, and the number of boundary components is r + t, where < t < p — 1. In 
particular, t preserves the number of orbits of p-simplices. 
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We now consider the relative spectral sequence (|1.4I) as it pertains to this situation. This spectral 
sequence has -E^-term equal to 

(1.5) El >q = ® JJ,(r(E ,iie) t( A), r(S ,!F) A ; V(Z ,iR), V(Zo A F)), 

where the direct sum varies over the r(Eo,i-F)-orbits of (p — l)-simplices A S if (Eq^-F). Note that 

El q = H q (T(E 0il R), r(E 0il F); V{X 0<1 R), V(E 0) iF)) = i?<(E ,ii?, E ,iF) 
= JT g (r(fl), V(E ,i-R). ^( s 04^)) = Relf' lV {R,F). 

We are interested in the spectral sequence in total degrees < 2g. In this range = since H(T,q,iF) 
and iJ(Eo.i-R) are both (2g — l)-connectcd. 

The isotropy groups that appear in (|1.5p are isomorphic to the mapping class groups of the cut surfaces, 
Eo.i-F — A, and E 0j i-R — Our goal in proving Proposition [0] is to construct a type of suspension map 

ReC(R,F) -> Rel^(E 0il R,E ,iF) 

which is an isomorphism. Here m is fixed by Inductive Assumption 11.81 Recall this in particular implies 
that g > 2m + d + 2. This map will be the composition of two maps, namely 

ReC(R,F) = H m (T(R),T(F); V(R),V(F)) — ► H m (T(R),T(F); V(Z ,iR), V(X 0;1 F)) 
and the differential, 

d 1 ■ E 1<m — > E Q m 

in the spectral sequence. The first of these two maps is injective, with cokcrncl 

H m (T(R), r(F); AciVfiZ), A 0il V{F)). 

But by Inductive Assumption 1 1 . 71 this group is zero because A.q^V is a coefficient system of degree < d— 1. 
Thus to prove Proposition 1 1 . 91 we need to show the differential d 1 : E\ m — > E\ m is an isomorphism. 

Now the i? 1 -term in the spectral sequence is a sum of the relative homology groups, 

® H q (T(E ,iR - l(A)), r(E ,iF - A); V(Z 0A R), V(Z 0A F)). 

A£Simp p -\ 

Assume p > 2 and p + q = m+ 1. For a fixed (p — l)-simplex A, let 5' = genus(TiQ^F — A). Notice that 
g>g'>g-p + l- Now g=m+l-p< ^ + 1 - p. Since g-p+l < g', ^ + l-p<g'- ^M. So 
q < g' — ^±f^ < S_z^_ (This last inequality follows from the fact that g' < g.) Thus the Inductive Assumption 
11.81 implies that for p > 2, — for p + q = m + 1. Since _E£° = for p + q = m, this implies that the 
differential 

d 1 '■ E\ m ► E 0m 

must be surjective. If not, the cokernel of d 1 would survive to E^ m . Hence 

ReC(R,F) — ReC(E 0A R, E ,iF) 
is surjective. But it is also injective, since there is a right inverse induced by Eo,-i, 

RelV(Z 0A R,Z 0A F) — » ReC(R,F). 
Recalling that i? = Eo.ii*\ we have now proved Proposition II. 91 
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1.3. The completion of the inductive step. In this section our goal is to complete the inductive 
step and thereby complete the proof of Theorem 11.61 for the operation £0,1 • We continue to operate under 
Inductive Assumptions 11.71 and 11.81 We need to prove the following. 

Proposition 1.10. Let V be a coefficient system of degree < d. Let F be any surface with boundary 
of genus g with g > 2m + d + 2. Then #eZ^(£ ,iF, F) = 0. 

Before we begin the proof we need some preliminary results. 

We begin by defining embeddings, d, : Eo.iF ^ iF, for i = 0, • • ■ ,k. To describe these embeddings it 
is helpful for graphical reasons to continue to think of the suspension functor £q,i a s described by figure[7]in 
section 1.1 above. This way of depicting the functor £q,i : C g _ n — > C 9 , n +i allows us to describe embeddings, 
di : So,!-? 1 x F for i = 0, • • -k. These embeddings are described by figure ITTI below: 




dj i >0 




d 

Figure 11. The embeddings d z : S ,iF — ► S* jF, i = 0, • • • , fe. 

We view each map di : £o,iF °-> £§ ^ as a morphism in the surface category C. They therefore define 
homomorphisms of the relative homology groups, 

d t : ReC(E 0tl F,F) -» Rel^^F). 

Now for i = 1, • • • , fc, let ej : £§ iF ~~ * So jF be the embedding that attaches a disk to all but the 
jth hole m m j]fe These maps are also viewed as morphisms in the surface category C, and notice that 
o di : Soji-F 1 - ► £o,iF is isotopic to the identity morphism. We also observe that by figure 7 below, the 
following is clear. 

Proposition 1.11. (1) For i = 1, • • • , k, then the homomorphism 

d t : ReC(E 0A F,F) -» ifel^Eg^F), 
is a split injection with left inverse ej : Rel^iT,^ A F, £o,iF) — > i?e^(£o,iF F). 
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(2) For i = 1, • • • , k and j ^ i, the composition 

ej odi : RelV(X 0A F,F) 

is the zero homomorphism. 

(3) For i = 0, and j = 1, • • ■ fc, 

ejodo :Rell(Z 0il F,F) 

is the identity. 
Lemma 1.12. For each k, the map 

k 

(BtA : 0£<(£ Oll F,F) — > Rel^^F, F) 
i=i 

M an isomorphism, with inverse, ffif =1 ei- 

Proof. We begin by observing that in the case fc = 2, Proposition II .91 savs that the composition 
di : Rell(E 0A F,F) ^ fle/^E^F, F) fle/^E^F, E ,iF) 
is an isomorphism, where 7T2 is the projection in the short exact sequence, 

— » ReC(E 0il F,F) ^ ReC^l ^F) ^ Rel v (Z 2 01 F, £ 0) iF) — » 0. 

This implies that 

di © d 2 : Fe^(£ ,iF, F) © Fe^(£ ,iF, F) -> FeZ^E^F, F) 
is an isomorphism, as stated in the lemma. 

For general k, the argument is similar, but somewhat more complicated. First notice that by Proposition 
II .111 part (1) there is a split short exact sequence, 

(1.6) -> ReC02 ,iF, F) ±* Rel^^F, F) -> Jfei£(E§ fl F, £ ,iF) - 0, 

and an identification of fcer(ei) = Rel^ (Eg jF, Eo,iF). Since, by part (2) of the proposition, e\ o d 2 = 0, we 
have that 

d 2 : ReC(Z 0A F,F) -> fcer(ci) S Rel^^F, E ,iF) — FeZ^E^F, F) 
is split injective, split by e 2 : fcer(ei) C Fe^(£o ^F, F) — > Fe/^(E ,iF, F). Using Proposition 11.91 we have 
an identification of Fe/^(E ,iF F) with FeZ^Eg X F, So,iF), and so we get a split short exact sequence, 

(1.7) -> ReC(X 0A F,F) <= FeZ^E^F, E ,iF) ^ FeZ^E^F, E 0;1 F) - fcer(ei) 

and an identification of fcer(ei) fl fcer(e 2 ) = FeZ^(£g ^F, Eq^F). Putting equations (|1.6[) and (|1.7p together, 
we have a split short exact sequence, 

2 

- 0FeZ£(E o ,iF,F) ReC(E k 0A F,F) - FeZ^(£ fe X F, E^F) -> 0. 

t=i 

Continuing in this way, we have, for each j, a split short exact sequence 

-> 0i?e^(E Ol xF,F) RelK^F, F) - FeZ^E^F, E^F) -> 

i=l 

and an identification of Di=i ker(a) = FeZ^(E§ 1 F, Eg 1 F). 
At the final stage we have a split short exact sequence 
fc-i t _! 
- 0F e Z ? Y l (E o , 1 F,F) ReC(Z k 0A F,F) - FeZ^E^F, E^F) - 

«=i 
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Rell(E 0A F,F) 
ReC(X 0tl F,F) 



and a split injective map df. : i2eZ^(E 0) iF, F) — > Hi=i ^ er ( e i) — ^^mi^o,!^ Eg/F). But by Proposition 
1.91 these two groups are isomorphic. Thus dk : -Re^(Eo,iF, F) — > i?eZ^(Sg if, Eq^F) is an isomorphism, 
and the lemma is proved. □ 



This lemma allows us to prove the following, which we will use later in the argument. 
Corollary 1.13. 

i?eZ£(Eo,iF,F) -!!2-» Rel v (^F, F) 



(1) The following diagram commutes: 



Rell(Z aA F,F) 
where A is the fc-fold diagonal map. 



® k l=l Rel v m (^sF,F) 



(2) d = Eti d i ■ Rell(Zo,iF F) -> ReFpfcF, F). 

Proof. By part (3) of Proposition[TTEJ &i°d Q =id: i?e^(E 04 F,F) -v i2eZ^(E ,iF, F). Thus ©£=^0 
do is the diagonal map, -Re^(E ,iF, F) — > i=1 i?e^(E ,iF, F). This proves part (1). For part (2), notice 
that by the above theorem, ©^ =1 ei is an isomorphism, inverse to 5^ i=1 dj- So by the commutativity of the 
diagram in part (1), 

/ k \ 



dp = I ^ d,; 



' A, 



which is 



to say, d (x) = E i=1 (di(a:))- 



□ 



We next consider an embedding, 

defined as follows (see figures [T^] and [lj|] below) . Let Pk be the surface of genus zero with k + 1 boundary 
components, as in figure [T2l 




Figure 12. The surface Pk 

Pk is glued onto Eg : F by identifying the fc- interior boundary circles of Pk with those in Eg X F that 
have been created by the operation E§ 1 . See figure [TBI 

Viewed as a morphism in the surface category C, t induces a homomorphism, 

U : Rel^ tl F,F) - #eZ£(E* ^E^F, F). 

We now prove the following relations concerning compositions, iieZ^(Eo,iF, F) — » i?eZ^(E§ X F, F) — > Rel^ n {Tj\ g 1 Eo,iF, F). 

Lemma 1.14. 

i, od = E^ 1 : Rel^(E 0il F,F) -» fle^(E* ^Eq^F, F) 
t* o dj = i, o d, /or j,q = 1, • • ■ , 
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Figure 13. The embedding i : Eg^F ^ E^E ,iF 



Proof. The first of these statements is immediate by the definitions of do and c. We therefore concen- 
trate on the proof of the second statement. 

For each pair, j, q = 1, ■ ■ • , &;, one can find an element of the mapping class group, §j. q £ Y(Y,\ "^Eo.iF) 
represented by a diffeomorphism that is fixed on Eo^F, such that the induced embedding 

Qj t q o l o dj is isotopic to to d q : Eo,iF E^ "^Eo^F. 

For example, <? J: g can be taken to be the half Dehn twist around the curve Cj tQ depicted in figure [Ml below. 




Figure 14. The diffeomorphism gj <q given by the half Dehn twist around Cj A 

Now recall that given any embedding, cf> : F\ c — > F, then there is an induced homomorphism of mapping 
class groups, 

0. : r(F x ) -» T(F 2 ) 

defined by extending a diffeomorphism of F\ to be the identity outside of the image of 4>(Fi) in F 2 . So 
in particular, for any h £ r(Fi), represented by a diffeomorphism, there is a diagram of embeddings that 
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commutes up to isotopy, 

F\ — - — ► F2 



h i V'^ 
Fx F 2 

This means that for any element of the mapping class group, h € r(Eo j i-F), the following diagram of 
embeddings commutes up to isotopy. 



hi Si (iod,)„(/i) I Si ^|%,»(i <ii).Wflj;» 



> Sj 1 S ,ii ;i > Si 1 ^o,i-P 

tod,- 

Now the compositions in the horizontal rows in this diagram are isotopic to the embedding bod q . This means 
that the diffeomorphism gj, q (i ° dj)^,(h)g~^ represents the class (t o d q )*(h). In other words, the following 
diagram of homomorphisms of mapping class groups commutes: 

TWfc-lv FA con j u « ation h y9j, q r /^k-l^ T-i\ 
1 1^1 ^0,1^7 * 1 V^l.O J 



(todj), 



(tod,). 



riSoai 71 ) — 3— r(E ,i-F) 

But in homology of groups, conjugation by a group element acts as the identity. So we have 
(i o dj)* = (a o d,)* : RelV(V 0>1 F, F) -» fld^E^Eo.iF, ^) 
as claimed. □ 

We now prove Proposition ll.101 

Proof. We will show that for every k > 0, there is a homomorphism, 

tf fc : ReC(E 0A F,F) -» Rel^H^F, F) 

so that for any a £ i?eZ^(Eo.i-F, -P), a = fe-^fc(a).Siiice i?eZ^(Eo.i-F, -F 1 ) is a finitely generated abelian group, 
this will imply that i?eZ^(E ,iF, F) = 0. 
Consider the homomorphism 

Ej Q 1 : i2e/^(So,iF, F) — > i2eZ^(S li o 1 So j iF,F). 

By Ivanov's theorem ([8], Corollary 4.9), E^" 1 i s an isomorphism for m in the range g > 2m + e? + 2. This 
allows us to compute: 

a =(Sto 1 )- 1 o(Sf: 1 )(a) 

= (S^o 1 )" 1 ^* d o)(a) by Theorem[TT3 

k 

= (S^o 1 )" 1 ^* 5Z d ^ Q; )) by part ( 2 ) of CorollaryOl] 

»=i 

= (E^o 1 )" 1 ^ • t*(di(a)) by TheoremEU 
= A.((E*o 1 )- 1 Mi(«)). 

So we define 

V^ fc = (S^o^orfi : Rel^ ,iF,F) -» Rel^^F, F) -» i?eJ^(E^ 1 E 04J F, F) ^ fl<(E ,iF, F). 

This completes the proof of the Proposition 11.101 and hence completes the inductive step in the proof of 
Theorem ll.Gl for the operation £0,1. □ 
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1.4. Closing the last hole. Our goal in this section is to prove Theorem 1 1.61 for the operation Eo.-i- 
This will complete the proof of Theorem 11.61 and therefore of Theorem 10.41 We continue to operate under 
Inductive Assumption 11.71 

Now in the previous two sections, we proved that for any surface F with at least one boundary component, 
RelV(T, 01 F, F) = for 2m < g(F) -d + 2, where g(F) is the genus. From Lemma ll.3l we have the following. 

COROLLARY 1.15. Let F be a surface with at least two parameterized boundary components, and let V 
be a coefficient system of overall degree < d. Then 

Jtel£(E ,-iF,F) = 

for 2m < g(F) - d + 2. 

Thus to complete the proof of Theorem 1 1.61 we can restrict our attention to the case when F is a surface 
of genus g with one parameterized boundary component. That is, F is an object in the category C g \. Let 
F = Eo.-i-F 1 be the associated closed surface. The goal of this section is to prove the following theorem, 
which generalizes Theorem 1.9 of [8] to non-trivial coefficient systems. 

Theorem 1.16. Let V be a coefficient system of overall degree d. Then 

Rell(F,F) = 

for 2m < g{F) -d + 1. 

Proof. We will prove Theorem 11.161 by using Corollary 11.151 and a set of spectral sequences. An 
important tool that we will use is the well known Zeeman comparison theorem for spectral sequences |16j . 

Consider two first quadrant spectral sequences, E — {E p , d r } and E — {E pq ,d r } converging to graded 
groups A — {A n } and A = {A n } respectively. Let / : E — > E be a morphism of spectral sequences converging 
to a morphism g : A — > A of graded groups. 

We shall make use of the comparison theorem for the map /, and state the form we need. We call a 
map g : A — ► A of graded groups TV-connected if g m : A m — > A m is an isomorphism for m < N , and an 
epimorphism for m = N . 

Consider the following condition of the map / : E — > E, often ensured by the universal coefficient 
theorem and "fiber information" . 

Condition (*). If f Pj Q : E p — > E p is an isomorphism for p < P, and if /o )9 ■ Eq q — > Eq is an 
isomorphism for q < Q, then f p<q : E 2 — > E p q is an isomorphism for all p < P and q < Q. 

Theorem 1.17. (1) Suppose that f£ q : E p q — > E p q is an isomorphism for p + q < N and an 

epimorphism for p + q = N . Then g : A — > A is N -connected. 
(2) If g : A — > A is N -connected, and condition (*) is satisfied, then /*.o : E 2 — > E 2 is N -connected. 

In our application of Theorem 11.171 the spectral sequences come from filtered chain complexes, and / 
from a map of filtered chain complexes. In this situation there is a relative spectral sequence {E p q (g)} 
converging to H p+q (g), and an exact sequence 

* E p,q E p,q E p,q{9) ~* E p-l,q ~ * ' ' ' 

that makes Theorem 11.171 obvious . This is J. Moore's original argument in [2] 

We will now describe the spectral sequences we will be studying in order to prove Theorem ll.161 Recall 
from 6 and 8] the curve complex Cq(F). A vertex in this complex is an isotopy class of a nontriviafl 
embedded circle L so that the complement F — L is connected. A p-simplex LP — {Lo, ■ ■ ■ , L p } is a set of 
disjoint embedded circles subject to the condition that F — L p , by which we mean F — (J?=o Ei ' ^ s connected. 
Notice that if F has genus g and r-boundary components, F g r — L p = -F 1 5 - p -i,2p+2+r Las genus g — p — 1 



Nontrivial means that the circle L cannot be deformed to a point or to a boundary circle. 
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and 2p + 2 + r boundary components. This implies that the complex Co(F gtr ) has dimension g — 1. In fact, 
by Harer's Theorem 1.1 of [6], 

Co(F g , r )~ \fSo- 1 . 

We now consider the case F = F g> i so that F is a closed surface of genus g. The embedding j : F > F 
induces a map of curve complexes, 

j : Co (J 1 ) — C (F) 
that is equivariant with respect to £q,-i : T(i 7 ') — > 

We will study the relative spectral sequence (|1.4p for the map j with respect to the group actions of 
T(F) and T(F). 

Notice that for any surface R, the mapping class group T(R) acts transitively on the p — 1-simplices of 
Co(R). The isotropy group of a (p — l)-simplex L, T(R)l, can permute the vertices of L. This induces a 
surjective homomorphism to the symmetric group, 

p : T(R) L -> Ep. 

The relation between T(R)l and — L) is expressed in the following group extensions ([§]. section 1.8), 
the second of which is central: 

(i.8) i-f(fl)£-»r(fl)£-£»E p /z/2->i 

o -> z p ->r(i? - z,) -> f(i?) L -> i. 

Here r(i?) l C T(i?) ^ is the subgroup of mapping classes that fix each vertex of L as well as their orientations. 
(See [H], p. 159 for notation.) 

We continue to use the notation introduced in the description of the relative spectral sequence (|1.4p 
above. 

The relative spectral sequence for the pair ( F, F) has E 1 -term given by 
(1-9) El q (F,F)=H q (T(F) KL) , T(F) L ;V(F) m ,V(F) L ). 

Here V(F)l = V(F) ® Zl, where Z^ is the sign representation, T(F) — > S p — > {±1}- Notice that by the 
connectivity of the curve complex, this spectral sequence converges to zero in total degrees < g. Notice 
furthermore that on the edge we have, 

El q = H q (T(F),r(F); V(F),V(F)) = Rel v q {F.F). 

More generally we will use the exact sequences (ll.8[) to relate Eh to RelY(F — L; F — L). Indeed the 
Hochschild-Serre spectral sequences for these exact sequences takes the form, 

(1.10) E^ s =H r (E p JZ/2;H s (f(F) L ;V(F) L ) converging to H r+S (T(F) L ; V(F) L ) 

(1.11) El s =H r (f(F) L ; V(F)) ® H S {W) converging to H r+S (T(F - L); V(F)) 

Each of these spectral sequences maps to the corresponding spectral sequence for F, replacing F. Our 
intent is to use the comparison theorem for spectral sequences for these maps. 

We first look at this map on the second spectral sequence (|1.11[) . On the S 2 -level this is a map 

U : H r (f(F) L , V(F)) ® H s (Z p ) — » H r (f (F) j(L) , V(F)) ® H S (Z P ) 

where L represents an arbitrary (p — l)-simplex of Cq(F). We shall use Theorem II . 1 71 part (2) to study its 
connectivity. 

We write F — L = F g —p t 2p+i as it is a surface of genus g— p with 2p+ 1-boundary components. Moreover, 

F-j(L)=Xo,-i(F-L). 
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The spectral sequences converge to H*(T(F - L): V(F)) and H*(T(F - j(L)); V(F)), respectively. The 
map 

(1.12) j. : H r (T(F - L): V(F)) - H r (T(F - j(L)); V(F)) 

fits into a long exact sequence with relative terms 

i?eZ, Sp ' _2pV '(So,-lF g _p i 2p+l, Fg-p,2p+l)- 

By Corollarv ll.151 and Induction Assumption 1 1 . 71 on the degree of the coefficient system, 

Relf p ~ 2pV (£o,-l-Fg-p,2p+l, fg-p,2p+l) — 0^0,-lFg-p,2p+l, Fg-p,2p+l) 

for 2r < g — p — d. But this group is zero by Corollarv ll.151 Thus the map in (|1.12[) is (g — p — d) / 2- connected. 
By the spectral sequence comparison theorem 1 1 . 1 71 part (2), it follows that 

(1-13) j* : H r (t(F) L ; V(F)) -> H r (f(F) m ; V(F)) 

is also (g — p — rf)/2-connected. 

Inputting this into the i? 2 -term of the first spectral sequence of (|1.10[) and using comparison theorem 
11.171 part (1) shows that 

U : H4T(F) L ; V(F) L ) - H,(T(F) m ; V(F) m ) 

is (g — p — <i)/2-connected. 

Now we compare with (11.91) and see that 

E£ )? (F,F)=0 ifp> 1 andp + 2q<g-d. 

Since p + 2q < 2(p + q) - 1 when p > 1, it follows that E* q (F, F) = in total degree 2(p + g) < ,g - d + 1 
for p > 1. However we know this spectral sequence converges to zero in this range. This implies that 
E^ rn {F,F) = for 2m < g - d - 1. But by CCU) this is the relative homology group Rel^{F,F). This 
completes the proof of Theorem 11.161 □ 

We end by recalling that Theorem 11.161 completes the inductive step in the proof of Theorem 1 1.61 for the 
operation So,-i: which was our last step in our proof of Theorem 11.61 and therefore of Theorem 10.41 of the 
introduction. Indeed, notice that we have proved the following strengthening of Theorem 10.41 

Let (j) : F i <—> F^ be an embedding of the sort used in defining a morphism in the surface category C. 
It induces a homomorphism of mapping class groups </> : — > r(i 7 2) by extending a diffeomorphism of 

F\ that fixes its boundary, to a diffeomorphism of F2 by letting it act as the identity on the complement 
F 2 - 4>(Fi). <p then induces a homomorphism in homology, <j>* : H q (T(Fi);V(Fi)) -> H q (T{F 2 ); V(F 2 )). 

Theorem 1.18. Let <j) : F\ — > F 2 be any embedding that defines a morphism in the surface category C, 
where the genera of these surfaces are g\ and g 2 , respectively. Then if V is a coefficient system of degree d, 
the induced homomorphism 

0, : H q (T(F 1 );V(F 1 )) -» H q (T(F 2 );V(F 2 )) 
is an isomorphism if 2q + d + 2 < g\, and is an epimorphism if 2q + d + 2 = g\ . 



Proof. . First notice that for such an embedding <f> to exist, we must have g 2 > g±. The theorem now 
follows because any morphism is isotopic to a composition of the embcddings e;.j : F °-> Si.j-F for (i,j) of 
the form (1,0), (0,1), or (0,-1), as well as diffeomorphisms. The work in this section implies this result 
about each of these morphisms, and hence about any composition of these morphisms. □ 
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2. Stability of the space of surfaces 

Our goal in this section is to prove the first part of Theorem 10.31 as stated in the introduction. This is 
a stability theorem for the surface spaces, § Si „(X; 7). We will prove this theorem in two steps. In order to 
describe these steps it is helpful to introduce the following terminology 

Definition 2.1. We say that a space X is algebraically stable if for every surface F g: „ having genus g 
and n boundary components, the homology groups, 

H p (T g , n ;H q (Map a (F g , n ,X))) 

are independent of <?, n, for 2p + q < g. By this we mean that if <fi : F± — > F 2 is any embedding that defines 
a morphism in the surface category C, the induced map 

<f>* : HpWF^H^MapaiFuX))) -» H p (T(F 2 ),H q (Map d (F 2 ,X))) 

is an isomorphism so long as the genus g{F{) > 2p + q + 2, and is an epimorphism if g(F\) = 2p + q + 2. 
Here Mapg(F, X) refers to those maps that send the boundary OF to a fixed basepoint in X. 

Lemma 2.2. If X is an Eilenberg-MacLane space, X — K(A,m) with m > 2, then X is algebraically 
stable. 

Proof. This follows from Example 2 given after the definition of the degree of a coefficient system 
(Definition 1 1.5)1 in section 1.1, and from Theorem II. 181 above. □ 

The two steps that we will use to prove Theorem 10.31 are the following. 

Theorem 2.3. Every simply connected space is algebraically stable. 



Theorem 2.4. If X is algebraically stable, then the homology of the surface space, H p (S gtn (X;j)) is 
independent of g,n and 7 if 2p + 4 < g. 



Proof of Theorem [ 

To prove this theorem we use a classical tool of obstruction theory, the Postnikov tower of a simply 
connected space X. This is a sequence of maps 

■■■X m > X m _, ► • • • ► X 3 -^X 2 = K(ir 2 (X), 2) 

K(G m ,m+l) K(G 3 ,A) 
where the G^'s are the homotopy groups, Gi — iTi(X), and the spaces K(Gi,i + 1) are Eilenberg-MacLane 
spaces. This tower satisfies the following properties. 

(1) Each map X m -\ 1 > K{G m , m + 1) is a fibration with fiber X m . 

(2) The tower comes equipped with maps fi'.X—> Xi which are (i + l)-connected. 

Let Fg^ n be a fixed surface in C 9i „. The above Postnikov tower gives rise to an induced tower, 

>Map a (F atn ,X m ) > Mapo{F g , n ,X m -i) ► ••• ► Map a (F 9 ,„, K (w 2 (X), 2)) 

fe2 j 

Map d {F g , n ,K{G m , m + 1)) Map((S, K(G 3 , 4)) 

where each map fc TO _i : MapQ(F g ^ n , X m -i) — > Mapg(F g _ n , K(G m , m+1)) is a fibration with fiber Mapg(F gtn , X m ). 
This tower converges to Mapg(F gin , X). 

By lemma |2~21 we know that X 2 = K(tt2(X),2) is algebraically stable. We inductively assume Xj is 
algebraically stable for j < m — 1. We now study X m by analyzing the homotopy fibration sequence, 



(2.1) Map d (F g>n ,K(G m ,m)) -» Map a {F g , n , X m ) -» Map d (F g>n , X m _i). 
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Notice that H p (T(F gv1l ); H s (Mapg(F g , n , X m _i)) ® H t (Mapd(F gin , K(G m ,m))) is independent of g and 
n so long as 2p + s + t < g — 2. The coefficients are the E 2 t - term of the Serre spectral sequence for 
this fibration. Notice furthermore that this spectral sequence of coefficient systems. That is, for each r, 
Fg,n — ► Ep q {F g:n ) is a coefficient system, and the differentials are natural transformations. We therefore know 
that H p (r(F), E 2 t (F)) is independent of the surface F, so long as the genus g(F) satisfies, g(F)—2 > 2p+s+t. 
This means that if <j) : F\ — * F 2 is an embedding that defines a morphism in the surface category C, the 
induced map 

0, : HpiTiF,)^^)) - H p (T(F 2 ),El t (F 2 )) 

is an isomorphism so long as 2p+ s + t < g(Fi ) — 2, and an epimorphism if 2p + s + 1 = g(Fi ) — 2. Inductively 
assume the same statement is true for E r st replacing E 2 st in this mapping. The fact that the differential 
d r : E r s t — > Eg_ r t+r _ 1 is a natural transformation, means the following diagram commutes: 

^(rOFU^Fx)) -^-> Hp{T(F 2 ),El t {F 2 )) 

d A [ dr 
H P {T{F 1 ), E r s _ r t+r _ 1 (F 1 )) — ^— > i/ p (r(i ;i 2),-B s r _ r!t+r _ 1 (i ;i 2)) 

Passing to homology we may conclude that for g(F\) — 2 > 2p + s + 1, the map 

0* : ^(r^i^FO) - H p (T(F 2 ),E r Stt {F 2 )) 

is an isomorphism, and is an epimorphism if g(Fi) — 2 = 2p + s + t. We may therefore conclude that the 
same statement holds when the coefficients are the i?°°-term. That is, 

0* : H p p{Fi),H B+ t{Map d (Fx,X m )) -> H P {T{F 2 ), {Map d (F 2 ,X m )) 

is an isomorphism if g(F±) — 2 > 2p + s + t, and an epimorphism if g{F\) — 2 = 2p + s + 1. In other words, 
X m is algebraically stable. By induction we may conclude that X is algebraically stable. □ 

We now complete the proof of the first part of Theorem 10.31 by proving Theorem 12.41 

Proof. Let X be an algebraically stable space. We need to prove that H p (S gyn (X; 7)) does not depend 
on g or n if 2p + 2 < g — 2. 

Let E denote one of the operations E^o, Eq^, or Eo,_i. It suffices to show that E induces a homology 
isomorphism, 

E* : Hp(§ fl , n (X;7)) H p (S g+i>n+j (X; 7)) 
for 2p + 2 < g — 2. Here i and j depend in the obvious way on which operation (E^o, Eo,i, or Eo,-i) S 
represents. 

Recall that the homotopy type of S ffi „(X;7) does not depend on the choice of 7. So we may assume 
that 7 : JJ S 1 — > X is the constant map. Consider the fibration described in the introduction 

Map a (F g , n ,X) -» § 9 AX;i) -> S fl ,„ (point) = BDiff + (F g , n ,d). 

The map E induces a map from this fibration to the corresponding fibration where F g ^ n is replaced by 
E(i 7, g j „). They therefore induce maps of the corresponding Serre spectral sequences 

On the E 2 level these are homomorphisms 

E* :H p (BDiff(F g>n ,d);{H q (Map e (F gin ,X)}) 

— > H p (BDiff(E{F g>n ), d); {H q {Map d {^{F g ^),X)}). 

where {} indicates that m(BDif 'f{F g>n ,d)) = T(F) acts on H q (Map a {F g , n , X)). 

Now since these diffcomorphism groups are homotopy discrete, that is, each path component of these 
groups is contractible, and since the corresponding groups of path components are the mapping class groups, 
this homomorphism is given by 

E* : H p {T{F gjn ),{H q (Map a (F g>n ,X)}) - H p {T^(F gjn ),{H q (Map d (E(F g , n ),X)}). 
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Now under the assumption that X is algebraically stable, this map is an isomorphism for 2p + q < g — 2, 
and an epimorphism for 2p + q = g — 2. That is, the homomorphisms 

S * : E p,q{ F g,n)) -> Ep q (T,(F g . n j) 
are isomorphisms for 2p + q < g — 2, and epimorphisms for 2p + q = g — 2. By the Zeeman comparison 
theorem 1 1.1 7[ this implies that on the E°° level, the maps 

are isomorphisms for 2p + q < g — 2. The theorem now follows by the convergence of the Serre spectral 
sequence. □ 

3. The stable topology of the space of surfaces, Sg iTl (X;j) 

Our goal in this section is to prove Theorem lO.il as stated in the introduction. Our method is to use the 
results of [4] on cobordism categories and to adapt the methods of McDuff-Segal and Tillmann [13) on 
group completions of categories. Alternatively, one could use the argument given in [10] . section 7. 

3.1. The cobordism category of oriented surfaces mapping to X. The topology of cobordism 
categories was described in great generality in [4]. We describe their result as it pertains to our situation. 

Definition 3.1. Let X be a simply connected, based space. Define the category Cx of surfaces mapping 
to X, as follows. 

The objects of Cx are given by pairs (C,<p), where C is a closed, oriented one-dimensional manifold, 
properly embedded in infinite dimensional Euclidean space, C C K°°. <p : C — > X is a continuous map. 

A morphism (S,ip) from (Ci,0i) to {Ci,<i>2) consists of an oriented surface S properly embedded S C 
R°° x [a, b] for some interval [a, b], together with a continuous map i/j : S — » X. 

In this description, "properly" embedded means the following. The boundary dS lies in the boundary 
R°° x {a} U R°° x {&}. The intersection of S with these "walls" are also assumed to be orthogonal in the 
sense that for sufficiently small e > 0, the intersection of S with M°° x {a + t} and R°° x {b — t} is constant 
for < t < e. 

We write d a S and dbS for the intersection of S with R°° x {a} and M°° x {b}, respectively. These are the 
"incoming and outgoing" boundary components of S. (S,ip) is a morphism from (d a S,i(}\ gaS ) to (dbS,ijj\ gbS ) 

Composition in this category is given by union of surfaces along common, parameterized boundary 
components. In particular, assume (Si,ip±) and (52, 1P2) are morphisms, with Si C M°° x [a, 6] and S2 C 
R°° x [c, d] with the target object of (Si, ip\) equal to the source object of (S2, ^2)- Then the composition is 
the glued cobordism, (S , i#5 , 2 , ^1^2), where 5 l i#S , 2 = Si Ud b s 1 =d c S 2 S2, and Si#S 2 C M°° x [a, b + d— c]. 
tyx&tyi '■ 5 , i#S , 2 — > X is equal to ipi on Si, and to ip2 on S2 ■ 

Finally we observe that Cx is a topological category, where the objects and morphisms are topologized 
as described in the introduction. 

Let \Cx I denote the geometric realization of the nerve of the category Cx- (This is sometimes called the 
classifying space of the category.) The following was proved in [10) . but it is part of a more general theorem 
about cobordism categories proved in [4]. 

Theorem 3.2. There is a natural homotopy equivalence, a : f2|Cx| — * n°°(CPf° 1 A X + ). 

The right hand side is the zero space of the Thorn spectrum CP^ A X + described in the introduction. 
This is the infinite loop space appearing in the statement of Theorem lO.il Our approach to proving Theorem 
13.21 is to use the stability result (Theorem 10 .3|) and a group completion argument to show how the stable 
surface space § 00i „(A';7) is related to Q|Cx|- First, however, for technical reasons, we need to replace Cx 
by a slightly smaller cobordism category. 

Definition 3.3. Define the subcategory C r x d C Cx to have the same objects as Cx, but {S,ip) is a 
morphism in C r x d only if each connected component of S has a nonempty outgoing boundary. 

The following was proved in [4]. 
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Theorem 3.4. The inclusion ^ Cx induces a homotopy equivalence on geometric realizations, 

\C r x ed \ ^ \Cx\- 

Because of these two theorems, we have a homotopy equivalence, ft\C r x ed \ ^(CP^ A X+). So to 
prove Theorem 10. II it suffices to prove the following. 



Theorem 3.5. There is a map 

a . m w q I v. _A . ol/ 



f3:ZxS 00:n {X; 1 )^n\C r > ed 



that induces an isomorphism in homology. 

3.2. A group completion argument and a proof of Theorem 10. li We now proceed with a proof 
of Theorem l3.5[ which as observed above, implies Theorem lO.il 

PROOF. Consider the following fixed object, (S 1 , *) of C$ d . S 1 is the unit circle in R 2 C R°°. * : S 1 -> 
xq G X is the constant map at the basepoint. 

For an object (C, 7) of C^ d , consider the space of morphisms, Mor((C, 7), ((S 1 , *))). Suppose C has 

n — 1 components (i.e it is the union of n — 1 circles embedded in R°°). Let ip : U„_ 1 ,5' 1 C be a fixed 
parameterization, and let 7 : Un-iS* 1 — > X be the composition, 701/1. Finally let 7 + : UnS 1 — > X be defined 
as follows. Number the circles 0, • • • , n — 1, and let 7" 1 " be equal to the constant map at xo G X on the th 
circle, and equal to 7 on circles 1 through n — 1. By definition of the morphisms in Cjjf , the following is 
immediate. 

Lemma 3.6. The morphism space Mor((C, 7), ((S , *))) is given by 

00 

M O r((CW),(0S\*))) = ]JS g ,„(X;7+). 

3=0 

Now consider the morphism (T, *) G Mor((5' 1 , *), (S 1 , *)), where T is the surface of genus one described 
in the introduction, and * : T — > £0 G X is the constant map. For an object (C, 7), define Moroo(C, 7) to 
be the homotopy colimit (or infinite mapping cylinder) under composing with the morphism, (T, *), 

More (C, 7) =hocolim{A/or((C,7),(S* 1 ,*)) Mor((C, 7), (5 1 , *)) 

An immediate corollary of the above lemma is the following. 

Corollary 3.7. 

Af r 00 (C, 7 )=Zx§ =0in (l, 7 + ). 

Notice that Mor^ is a contravariant functor, 

Mor^ : C r x ed -► Spaces 

(C,7)^Mor 00 (C ) 7). 

On the level of morphisms, if (f , <ft), is a morphism from (Ci, 71) to (C2, 72), the induced map 

(F, 4>)* : MorooiCz,^) -» Moroo(Ci,7i) 
is given by precomposing with the morphism (F, (f>) . Observe that Theorem 10.31 implies the following. 
Lemma 3.8. Every morphism in C r x d , 

{F,(j>) : (^,71)^(^2,72) 

induces a homology isomorphism 

{F,cp)* : Mor^d, 72) — Mor^Cx^i). 

Now let C^ ed / Moroo be the homotopy colimit of the functor Mor ^ . This is sometimes called the 
"Grothendieck construction", and is modeled by the two sided bar construction, B(*, C x 3d , Mor oo). See [11] 
and [13] for the details of this construction. A consequence of Lemma [5T51 proved in [11] is the following. 
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Proposition 3.9. The natural projection map 

p:C r x ed IM 0roo ^\C r x ed \ 
is a homology hbration. That is, the fibers of p are homology equivalent to the homotopy fiber of p. 

We remark that this proposition, via Lemma 13.81 is the main place the theorems about the stability of 
the homology of mapping class group (Theorem 10 .4|) and the stability of the surface space (Theorem 10. 3|) 
are used in the proof of Theorem lO.il 

To complete our proof of Theorem 13.51 we need the following result about the homotopy colimit space. 

Proposition 3.10. The homotopy colimit space, C r x d f Mor^ is contractible. 

Proof. Consider the contravariant functor, Mori ■ C-x ~ * Spaces that assigns to an object, (C, 7) the 
morphism space, 

Mor 1 (C, 1 )=Mor((C, 1 ),(S 1 ,*)). 
Again on morphisms, (F,<j>), Mori acts by precomposition. We observe that the homotopy colimit of this 
functor, C x d / Mori is the geometric realization of the category whose objects are morphisms in C x d whose 
target is (S 1 ,*), and where a morphism from (Fi,4>i) : (Ci,7i) — > (S 1 ,*) to (F 2 ,</>2) : (6*2,72) — * (S 1 ,*) is 
a morphism in C r x d , (F, <j>) : (Ci, 71) — > (C2, 72), so that 

(*2,&) °(F,<f>) = (Fi,4>i): (d,7l) -> (S 1 ,*). 

But this category has a terminal object, id : (5 1 ,*) — » (5 1 ,*), and hence its geometric realization, 
C^? d / Mori is contractible. 

Now composition with the morphism (T, *) : (S , *) — » (S* 1 , *) defines a map, 

t:C r x ed JMon^C r x ed fMori, 

and C^ ed / Morrx, is the homotopy colimit of the application of this map, 

C r x ed / Mo roo = hocolim{C£ d / Mon A C£= d / Mori ■ ■ • }. 
Since it is a homotopy colimit of maps between contractible spaces, C r x d J Mor^ is contractible. □ 

We now complete the proof of Theorem 13.51 By Propositions 13.91 and 13.101 we know that the map 
p : C x J Moroo —* \^x\ has the property that if (C, 7) is any object in C'x d , which represents a vertex in 
\C r £% then there is a homology equivalence, 

p- x {C,i)^Q\C%*\. 

But by definition, p~ x (C, 7) = Mor^C, 7), which by Corollarv l3.7l is Z x S OC! „(X; 7+). Thus we have a map 

P:ZxS 00>n (X n + )^n\C r x ed \ 

which is a homology equivalence. But since, as we pointed out earlier, the homotopy type of §00, n (A - ; a) 
does not depend on the boundary condition a, Theorem 13.51 is proved. As observed above, this completes 
the proof of Theorem 10.11 □ 
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